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Abstract — In this paper, we are concerned with the
oscillation properties of third order nonlinear differential
equations of the form

(MY @) ) +g(y' +p)y* (0 =0,4>0

Some new sufficient conditions which ensure that every
solution oscillates or converges to zero are established. The
obtained results extend the result known in the literature for
A=1. Some examples are considered to illustrate our main
results.
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I. INTRODUCTION

In this section we study the properties of oscillatory
solutions of non linear differential equations of third order

oy ) |+ 0+ py* (9=0.450 (L)
Where r(x), p(x),g(x)are continuous functions,

with 7(x) >0 on the interval € (a,OO),—OO< a and

A s positive and is a ratio of two odd integers {this
provides that if y(x) is a solution so does— y(x) }. A
nontrivial solution of (1.1) is said to be oscillatory if it has
zeros for arbitrarily large values of the independent
variable, otherwise it is said to be nonoscillatory. In the

linear case with A =1landr(x)=1, the properties of
oscillatory solutions are discussed in Hanan [01], Lazer
[02] and Swanson [03]. The associated nonlinear equations
with r(x) = lare the subject discussed by Waltman [04],
Heidal [05], Gragus and Venko [06], N.Parhi and S.Parhi
[07] have discussed the equation (1.1) with g(x) =0 in

the form ¥y (x) + p(x)y(x) =0
1.2)

Also the behavior of solutions of the
equations y'''(x)+ p(x)y" (1) +¢(x)y' () +r(x) y* () =0
1.3)

was considered for oscillation, non oscillation and
asymptotic behavior by L.Erbe [08] via a second order
equation.

In the discussion of the oscillatory solutions of (1.1)
made in the chapter no recourse has been taken to second
order equations as well as no change of variables
incorporated. The results obtained generalize many
theorems mentioned in the above references. To the best of
our knowledge nothing is known regarding the qualitative
behavior of Equation (1.1) until now.

II. Mam Resurts
In this section we present the existence of oscillatory
solutions of (1.1) with p(x)>0,g(x) >0, A positive
and is a ratio of the odd integers and established that under

certain integral conditions any solution of (1.1) which has
an initial zero is oscillatory.

2.1 THEOREM: Let p(x),q(x),r(x) are real valued
continuous functions on [ = [a, °°)With
r(x)>0 p(x)>0,q9(x)=0,q'(x)<0 2.2)

1

()€ CH(I) and Lim!— 2 exists 2.3)
] ()

ds _X ds

% % J p(u)duds <0 2.4

A+Bj
for sufficient large x, where A and B are constants and

A is positive and quotient of two odd integers, then any
containable solution of (1.1) which has zero on I is
oscillatory.

PROOF: Let y(x) be a solution of (1.1) which does not
oscillate and let X, > O be the largest zero of y(x), that

is y(x) # Ofor allx > X,. Since ~ Y(X) s also a
solution of (1.1), we may assume without loss of generality

that there X exists such that for
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allx = x;, y(x) >0 and

yl(x)>0for)€€ (x,a) for some a.

Let X, € (X, @). dividing (1.1) by ¥~ and

integrating from x, to x, we get

(r(f’y ))'(s) rq(s)y'(s) r _
I (s) ds-i-;[ yl(s) ds+x_[p(s)ds—0

[ C(rim DD )y (s)as

+ J.q(s)yl(s)yﬁ1 (s)ds+ JP(S)dS =0 (2.5

X2 X2

Integrating by parts yields

r(X)y (x) J‘r(y )’ () g
2

y*(x) R A €D
r(y)(s) /1(/1+1) friy! (u))

+J (s @ Ir(S)I y
f 900y @ 06
5 y* (u)
{r(x)y (x)} I f jlxu)duak

y () r(s) L r(s)y

< 0, for sufficient large x Where

_| r@yh’ (x2)+ir ()2 (x,)
Y 2y
Suppose that y'(x) >0 for all x > X, . Since y(x) >0

for all x 2 x, , it follows from (2.6) that y'(x) <0 for

sufficiently large X and this contradict the assumption.

Thus there exists a X; > X, such that y'(x;) =0.We
¥(x)=0

with yl(x3) =0 will contradict the positivity of y(x)

Shall  now  show that together
for all x> Xx, and hence establish the theorem.
Multiplying (1.1) with y(x)and integrating from X,

to X, we get,

[y (9)y()ds +[ q(s)y' () y(s)ds

o X0

+J.p(s)y“1(s)ds=0 2.7
Let
1 5, 2
Gly(x)] =E(F y )(x)
— (" ) =y ()
2.8)
1
Gly(x,)] =5(r2y'2)(x)—(r2yy“ +rrtyy ' )(x,)
1
—quz(xo)
2.9)
We get

1 ¢ 1 2
[y(x)] =G[yUnH—-;£qy dx

c [ p(sHy o (s)as
(2.10)
Since
1 )y @)
Y(x0) =05y (x) >0, Gl y(x,)] :% =0
and
d{Gly(x0)]}

_ l 2 A+l
I 2611()6) y )+ @) y (x>0
(2.11)

We see that G[y(x)]is strictly increasing and vanishes

whenever y(x)has a double zero. Using this fact and also

since y(x;)>0and y'(x;) =0 we conclude that
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Gly(xy)] =

11

;—(rzy‘z)(xa)—(rzyy oy ()

1
—Eq(x3)y2(x3) > 0. 2.12)

But since G[y(x)] is strictly increasing, it follows
from (2.12) that y''(x,)<0.Also we observer that

y(x)cannot vanish more than once in [xS,OO)for,
otherwise suppose that there exists a

x,,%, € (x5,0) & x,>x,w

¥ () =0,y(x,)=0 & y'(x) 20 for xe (x;,x,).

1 12 11 1.1
G[y<x4>]=5<r2y )x, ) =Py + et yyh(x,)

1
—quz(x4)>0

(2.13)
Since G[y(x)] is strictly increasing.

In order that the above inequality may be satisfied
we should

have yl(x4) <0.but y' (x,)=0, y! (x,) < 0impl
y that there is a maximum at X, which is a contradiction,
since there cannot be a maximum without passing through

a minimum, Hence y'(x)< Ofor x> xjand

lim y(x) exists.
X—>o0
The rest of the proof is discussed in the following three

cases that depend on the sign of y11 (x).

CASE  (i):- Let Tx)<0 eventually.  Then

y(x)becomes eventually negative and this is a
contradiction.
CASE (ii):- Let y"'(x) = 0.Then since y'(x) <0 for

X > x; we have lim y(x)and
X—>o0

Gly()
r*(x0
<l QO OYEY') (x)}
el 2 r(x)
(2.14)

which is contradiction the fact that G [ y (x)] is strictly
increasing.

CASE (iii):- If y''(x) changes sign for arbitrarily large
Xthen for& >0, there exists a sequence {xn }, for

arbitrarily large values of X for which
—e<y' (x,)<0,and  also  another  sequence
{Sn }, X, <§ <X, <§, <ionnnn of the values if
X ,where y'(x)has  relative  maxima  with

—e<y'(x,)<0and y"(s,)=0. Since lim y(x)

existsand y'(x) <0,limsup y' (s,)=0.

Thus we have

Gly(s, )] («9)2 r (S ) (s )e
Yoo 2 n
r’(s,) r(s,) 2.15)
Using (2.1), (2.2) for arbitrarily large values of S
This implies that
lim M <0. 2.16)

n— oo r ( Ky u )
This is again contradiction to the fact that G [ y (x )]

strictly increasing.
This completes the proof of the theorem.

Example:
The equation
-1 2

1
(x)+y'(x)+2x3 (Sznx+C0sx)3 3=0

111

2.17)
satisfies the conditions of the theorem (2.1).Hence the

solutions are oscillatory. In fact y(x) = x(Sinx+ Cosx) is

one of the solutions, which is oscillatory.

III. ConcLusioN
The requirement that the solutions (1.1) must have an
initial zero on I is essential to obtain the conclusion. With
r(x)=Lqg(x)=x,p(x)=land A=1on [0,00), the
equation (1.1) becomes

lll

(X)+xy' (x)+y=0 (2.18)
The conditions (2.1), (2.2) are satisfied. The condition
(2.3) is verified as follows.

j plu)duds= A+Bj ds~ j j duds

Ty ) o 1o

-!. r(s) J. r(s
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1—1,)°
=A+B(t—t0)—%—>—°°ast—>°°.

But the equation (2.18) is a C,equation and all C,
equations have non-oscillatory solutions.
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